We study the emergence of information integration in cellular automata (CA) with respect to states in the long run. Information integration is in this case quantified by applying the information-theoretic measure known as total correlation to the long-run distribution of CA states. Total correlation is the amount by which the total uncertainty associated with cell states surpasses the uncertainty of the CA state taken as a whole. It is an emergent property, in the sense that it can only be ascribed to how the cells interact with one another, and has been linked to the rise of consciousness in the brain. We investigate total correlation in the evolution of elementary CA for all update rules that are unique with respect to negation or reflection. For each rule we consider the usual, deterministic CA behavior, assuming that the initial state is chosen uniformly at random, and also the probabilistic variant in which every cell, at all time steps and independently of all others, disobeys the rule's prescription with a fixed probability. We have found rules that generate as much total correlation as possible, or nearly so, particularly in Wolfram classes 2 and 3. We conjecture that some of these rules can be used as CA models of information integration.
Introduction
Given a dynamical system comprising interacting components whose behavior may lead to uncertain outcomes, a useful tool to quantify such uncertainty is the well-known information-theoretic notion of entropy. Entropy measures can be applied to the system in question both at the level of its individual components and globally, that is, at the level of the system's global (rather than local) states. Both approaches rely on probability distributions that are interrelated, as computing the system's global entropy relies on a joint distribution whose marginals are precisely the distributions to be used to compute the componentwise entropies. Informally, we say that information is being integrated by such a system when the sum of all the local entropies surpasses the global entropy. Because equality between the two quantities can only occur when all components are independent of one another, such excess entropy implies that the system as a whole is capable of generating more information than all the individual components put together.
The emergence of such information surplus cannot be linked directly to the operation of any one of the system's components, but resides, much less concretely, in the manner of their interaction. Owing to peculiar characteristics such as this, information integration has found its way into the select group of explanatory theories for phenomena such as consciousness. In fact, one of the leading candidates to explain the rise of consciousness out of the functioning of the brain is the integrated-information theory [1] , based precisely on the generation of excess information such as we have described. This theory is currently favored by leading neuroscientists [10] , in a clear indication that its allure far outweighs its many theoretical and computational difficulties [12] .
Here we study the integration of information in cellular automata (CA) both of the standard, deterministic variety and of the probabilistic one. In either case we target the generation of information by the CA in the long run, understood as information regarding the long-run state of the CA. We assume that the initial CA state is chosen uniformly at random, which immediately endows the CA's long-run evolution with some degree of uncertainty even in the deterministic case. Moreover, our probabilistic CA are characterized by a single parameter that gives, at all time steps and for each cell independently of the others, the probability with which the update rule in use is to be disobeyed. Probabilistic CA are relatively commonplace in CA studies (e.g., to model spin lattices in statistical physics [6, 2, 8, 7, 11] ), and in this regard, we note that our model is the same we used previously in an immunity-related study [4] . It is similar to other probabilistic-CA models in the literature (cf. [14] and references therein), but notwithstanding this our emphasis on long-run state probabilities rather than on spatiotemporal patterns sets apart the specific use of make of it.
Given a CA update rule, our investigation starts with computing the longrun probability that the CA is found at each possible state. This can be a simple task in the deterministic case or for a very small number of cells in the probabilistic case, but can also be painstakingly time-consuming for probabilistic CA only slightly larger than ten cells. Once the desired probabilities are known, we compute the information-theoretic measure known as total correlation, which is defined precisely as the entropy difference alluded to above and therefore tackles the issue of information integration directly. We focus our study on elementary CA. Although these are the simplest CA imaginable, already for them we find rules that promote significant levels of information integration. This, we believe, bears further witness to the remarkable capability these simple models can have to capture the essentials of so many relevant, complex phenomena.
The following is how we proceed. First we present our CA, with particular emphasis on how to compute their long-run state probabilities, in Section 2. Then, in Section 3, we present all the necessary information-theoretic notions, including those of entropy, information gain, and total correlation. Some of the computational difficulties associated with calculating long-run state probabilities for the probabilistic CA are discussed briefly in Section 4, after which we present our results in Section 5. Discussion follows in Section 6, then conclusion in Section 7. We note, before proceeding, that all the theory given in Sections 2 and 3, though presented for binary CA, can be extended to non-binary CA in a straightforward manner. We refrain from the more general presentation for the sake of notational simplicity only.
Model
We consider binary CA, that is, CA in which each cell's state is either 0 or 1. If each cell has δ neighbors, then a cell's state at the next instant of discrete time is a function of its own current state and of the states of its δ neighbors. This function is the CA update rule, which in general can be thought of as one of the 2 2 δ+1 possible tables having 2 δ+1 entries, each entry indexed by δ + 1 bits. A binary CA such as this has 2 n possible states, where n is the number of cells, each state corresponding to a member of the set {0, 1}
n . Starting at some initial state i 0 ∈ {0, 1} n , at all times thereafter the states of all cells evolve in lockstep based on the same update rule. What ensues is a deterministic evolution of the CA state inside the set {0, 1} n , which by finiteness must eventually become periodic. This implies that, given the update rule, the state set {0, 1} n can be partitioned into attractor basins, i.e., subsets of states to which the evolution of the CA is perpetually confined.
For a fixed update rule and a given value of n, we let B denote the corresponding set of attractor basins that partitions {0, 1}
n . For each B ∈ B, we let A B ⊆ B be the attractor itself, that is, the set of periodic states lying at the core of B.
Our study in this paper is based on the probability σ i that, having started at some state chosen uniformly at random, the CA is found in state i in the long run, that is, as time grows without bounds. Clearly, given the deterministic evolution scenario outlined thus far this probability depends on state i being in attractor A B for some B ∈ B. That is, we have
where σ B is the size of basin B relative to the entire set {0, 1} n , i.e., σ B = |B|/2 n . In order to see that Equation (1) does indeed hold, it suffices that we write σ i as the total probability
where σ i|i0 is the conditional probability that the CA is found at state i in the long run, given that its initial state was i 0 , and Pr(i 0 ) is the probability that it did start at i 0 . We then simply recognize that
and that Pr(i 0 ) = 1/2 n . In this standard, deterministic scenario, whatever uncertainty there is regarding the long-run state of the CA is a consequence of the method to determine the initial state i 0 (uniformly at random). In the second scenario that we explore, we replace this source of uncertainty by adding randomness to the CA dynamics itself. We do this by letting each cell, independently of all others and at every time step, behave differently than the update rule in use mandates with a given probability. We describe the resulting probabilistic CA next.
Let x denote a cell's next state and let b ∈ {0, 1} be the update rule's current prescription for the value of x. Given a probability parameter p, what we do is to let
Clearly, the deterministic scenario is recovered by letting p = 0. For p > 0, what is now happening in CA-wide terms is that any CA state can be reached from any other in a single step, regardless of being members of the same basin or, if they are members of the same basin, of how they are positioned inside it with respect to each other. In particular, a basin's attractor is no longer inescapable. If k i denotes the deterministic successor of state i in the CA dynamics, then the one-step transition probability from state i to state j, call it p i,j , is given by
where D j,ki is the Hamming distance between states j and k i , that is, the number of cells at which they differ. What this expression is saying is that, in order for j to be obtained from i in a single time step, it is necessary and sufficient that both all cells at which j and k i differ disobey the update rule (independently of one another, each with probability p) and none of the others do (independently of one another, each with probability 1 − p). We can rewrite p i,j as
which for 0 < p < 0.5 emphasizes its exponential decay with D j,ki and highlights the fact that the one-step transition from i to k i , the same that takes place in the deterministic case, is still the most probable one, being in fact exponentially more likely than any other. The probability of this transition is obtained by letting j = k i , whence D j,ki = 0 and p i,ki = (1 − p) n . In the probabilistic case, we denote by π i the probability that, having started at some state chosen uniformly at random, the CA is found in state i in the long run. As before, we can express π i as the total probability
where π i|i0 is the long-run conditional probability that the CA is found at state i, given that it started at state i 0 . However, it can be easily argued that, provided p > 0, the CA's long-run behavior is independent of i 0 , so π i|i0 = π i and Equation (7) turns out to be no more than a tautology (π i = π i ).
In fact, for p > 0 the CA dynamics gives rise to a discrete-time Markov chain of transition-probability matrix P = [p i,j ]. This can be easily verified by simply checking that, in P , all the elements in any row add up to 1 (i.e., P is stochastic):
Because p i,j > 0 regardless of i or j, this chain is ergodic and, moreover, the stationary probability that it entails for state i is precisely π i , no matter what the initial state may have been. Our long-run probabilities can then be found by solving the system π = πP , where π = [π i ] is a row vector. We finalize the section with the introduction of marginal versions of probabilities σ i and π i . They are marginal in the sense of relating to one cell exclusively (as opposed to σ i or π i , which relate to all cells concomitantly). For c = 1, 2, . . . , n, we denote by σ c,b the long-run probability that, in the deterministic case, the state of cell c is b ∈ {0, 1}. Clearly,
where S c,b ⊂ {0, 1} n is the set of all CA states in which cell c has state b. Likewise, the corresponding probability in the probabilistic case is denoted by π c,b and given by π c,b = i∈S c,b
Information integration
In both the deterministic and the probabilistic scenarios discussed in Section 2, uncertainty regarding the long-run state of the CA has a role to play. In the deterministic scenario, this uncertainty owes to the fact that the initial CA state i 0 may be any state. In the probabilistic scenario, by contrast, it stems from the nondeterministic mechanics that now underlies the CA's workings. Moreover, because of the system's underlying Markovian nature, in this scenario fixing i 0 has no effect on long-run uncertainty, which depends exclusively on the probability parameter p, if nonzero. In this section we discuss the information-theoretic tools that will be needed to characterize such uncertainty, its relation to how much uncertainty there can be at most, and also its role in highlighting how independent the various cells are of one another given an update rule and the value of n. We discuss these tools in terms of generic CA-state probabilities ρ i (which stand for either σ i or π i , as the case may be) or likewise generic cell-state probabilities ρ c,b (placeholders for either σ c,b or π c,b ).
Our main tool is the well-known Shannon entropy, which measures the uncertainty of a set of random variables, given a joint probability distribution of their values. The random variables of interest to us, call them X 1 , X 2 , . . . , X n , are those describing the various cells' states. The corresponding joint distribution is any set of probabilities over the set {0, 1}
n , provided they add up to 1. Denoting this joint entropy by H, we have
where the logarithm to the base 2 is meant to let H be expressed in informationtheoretic bits. The value of H is maximized by the distribution that expresses the greatest possible uncertainty, that is, the distribution for which Pr(CA state is i) = 1/2 n for every CA state i. The resulting maximum value of H is therefore n, which works as the absolute upper bound against which we compare long-run uncertainties in both the deterministic and probabilistic cases. The resulting difference, which we refer to as information gain, is here denoted by G ρ and given by
where H ρ results from Equation (11) by substituting ρ i for Pr(CA state is i):
A marginal version of the entropy H can be defined for each cell c to quantify the uncertainty associated with its state. This new entropy is denoted by H c and given by
Pr(state of cell c is b) log 2 Pr(state of cell c is b).
The value of H c is maximized when Pr(state of cell c is b) = 0.5 regardless of b, which leads to a maximum value of 1. As in the case of H, this is the absolute upper bound against which we compare the long-run uncertainty associated with the state of cell c. The resulting information gain, which we denote by G ρ c , is given by
where H ρ c is obtained from Equation (14) by replacing Pr(state of cell c is b) by ρ c,b :
If the random variables X 1 , X 2 , . . . , X n are all independent of one another given the ρ i 's, i.e., if
n , where b c is the state of cell c in CA state i, then it follows from the expressions for H ρ and H ρ c that
Only for independent random variables does this happen. In all other cases we have
ρ , where the two sides differ by what is known as the total correlation among the n variables [16] . We denote total correlation by C ρ , which is then given by
(For n = 2, total correlation is also known as the mutual information between the two variables [9] .) An interesting interpretation of total correlation comes from rewriting Equation (17) in terms of the information gains G ρ (for the entire CA) and G ρ c (for cell c). By Equations (12) and (15), we have
, whence
That is, total correlation is the amount of information gain that the CA's evolution in time produces in excess of the total information gain that is already produced at the level of the cells. We refer to the fraction of information gain that corresponds to total correlation as a total-correlation ratio, denoted by r ρ :
In our analyses, G ρ and r ρ are used as the premier indicators of information integration.
Computational issues
For each update rule of interest, and for fixed values of n and p, computing G σ , r σ , G π , and r π requires that the long-run probabilities σ i and π i be found for every CA state i. There are two computational challenges related to obtaining these probabilities. The first one affects both the deterministic case (to which the σ i 's refer) and the probabilistic case (to which the π i 's refer), and has to do with mapping out all 2 n CA states onto the basin-of-attraction field. This can be challenging because, depending on the value of n, substantial amounts of main storage may be needed.
The second, and more serious, computational challenge has to do with the time required to find the π i 's. As we discussed in Section 2, this amounts to solving the system π = πP , subject to the constraints that π i > 0 for all i ∈ {0, 1} n and i∈{0,1} n π i = 1. Since P is a 2 n × 2 n matrix of strictly positive elements and possessing no known symmetries or some other type of structure that might simplify calculations, solving this system tends to be quite burdensome even for modest values of n. We have used state-of-the-art solution techniques through the solver that is freely available as part of the Tangram-II modeling tool [5] , but even so only for n < 13 has the solution of the system proven feasible. Based on preliminary experiments with n = 13, we estimate that solving a single instance of the system in this case would require about two months on an Intel Xeon E5-1650 running at 3.2GHz with enough main storage to preclude the need for any accesses to secondary storage.
Results
We give results for the so-called elementary CA, that is, one-dimensional CA with neighborhood size δ = 2, and adopt periodic boundaries in all cases (i.e., the first and last cells in all CA are neighbors of each other). Elementary CA admit 256 distinct update rules and here we use the standard Wolfram numbering system [17] in referring to them.
Of these 256 rules, only 88 are unique in the sense of how the resulting basins are structured. Given any one of these 88 rules, say R, any other rule R ′ satisfying the property we give next can be identified amid the remaining 168 rules. The property in question is that a mapping g between CA states exists such that R leads from CA state i to its deterministic successor k i if and only if R ′ leads from g(i) to g(k i ). The two mappings that we use are negation [adding a cell's state in i to its state in g(i) yields 1] and reflection [the state of cell c in i is the same as the state of cell n − c + 1 in g(i)]. Our 88 unique rules are such that no two of them are equivalent to each other by negation or reflection. This criterion alone leads to several satisfying sets of 88 rules. Our choice has been to follow Wuensche and Lesser [20] , who in their atlas group all rules into equivalence classes of at most 4 rules or into larger clusters of at most 8 rules as equivalence classes of pairwise complementary rules are joined. We select for inclusion in the group of 88 the least-number rule of each larger cluster, along with its complement if not already in the first rule's equivalence class.
The identical structuring of basins for two rules that are equivalent by negation or reflection provides sufficient justification for eliminating one of them when handling the deterministic case of Section 2. In the probabilistic case, eliminating one of the two rules from consideration on the basis of the equivalence of results requires, in addition, that the transition probabilities p i,j and p g(i),g(j) be the same for any two CA states i and j. To see that this does indeed hold, notice that it follows directly from Equation (5), since D j,ki = D g(j),g(ki ) when g stands for negation or reflection.
Another curious property stemming from the definition of p i,j in Equation (5) is the following. Recall that two rules are complementary to each other when, given the same input, one of them outputs bit b if and only if the other outputs 1 − b. So, for example, if letting p = 0 in the probabilistic case reproduces the deterministic behavior of the underlying update rule, say R, then letting p = 1 for the same underlying rule R also induces deterministic behavior, but of the rule R ′ that is complementary to R. Something similar occurs when p > 0. Given any CA state i and the underlying rule R that determines i's deterministic successor, k i , the probability that i is followed by j when R is disobeyed at each cell independently with probability p is the p i,j of Equation (5). Should we use R ′ instead and let it be disobeyed at each cell independently with probability 1 − p, the transition probability from i to j would be (1 − p)
, which is none other than the very same p i,j with which the transition from i to j occurs given R and p. This means that it makes no sense to seek results for both p < 0.5 and p > 0.5. After all, working with p > 0.5 for some rule R in the group of 88 is the same as doing it with probability 1 − p < 0.5 for the rule R ′ that is complementary to R. Rule R ′ , in turn, either is one of the 88 itself (and is then already covered) or is not (in which case it is equivalent to some rule in the group of 88 and, again, is already covered). We then use p < 0.5 exclusively.
Our results are summarized in Tables 1 and 2 , respectively for n = 11 and n = 12 cells. Each table contains information gains and total-correlation ratios for all 88 rules, each rule identified as noted above alongside its Wolfram class (1 through 4) [18] . All data are given for the deterministic case (identified as the p = 0 case) and two probabilistic cases, viz. with probabilities p = 0.001 and p = 0.01. In either table, G σ and G π are obtained by substituting distribution σ or π, respectively, for the ρ on which information gain is defined [cf., e.g., Equation (18)]. The same holds for r σ and r π with respect to the total-correlation ratio given in Equation (19).
Except for rule and Wolfram-class identifications, all numbers in Tables 1  and 2 originate from results that were output by our programs with six decimal places. Owing to space considerations, in the tables they are given with four decimal places only. This has caused no rounding problems in the vast majority of cases, but those cases in which problems did arise are in the tables highlighted by underlining the corresponding numbers. There is one occurrence in Table 1 (class-3 rule 30, for which the table says r π = 1.0000 for both values of p, but these are rounded up from r π = 0.999988 and r π = 0.999985, respectively for p = 0.001 and p = 0.01) and there are two occurrences in Table 2 (class-2 rules 23 and 57, for which the table says r σ = 1.0000, but this is rounded up from r σ = 0.999997 and r σ = 0.999999, respectively). Tables 1 and 2 contain several entries with extremal values of the quantities they represent, at least as far as can be gleaned from the six decimal places we printed out. Such extremal values refer in some cases to situations in which information gain is equal to either 0 or n, as well as situations in which the total-correlation ratios are equal to 0, and in most cases to situations in which the total-correlation ratios are equal to 1. All these entries are highlighted in the tables through the use of special typefaces. Since it turns out that all extremes can be covered by focusing on minimum (0) or maximum (1) ratio values, we italicize all gain-ratio pairs for which the ratio is minimum and use boldface for gain-ratio pairs for which the ratio is maximum (provided, in the probabilistic case, that the maximum is observed for both p = 0.001 and p = 0.01). The corresponding rule numbers and class identifications are also modified in this way.
In what follows, we occasionally refer to specific features of a rule's basin-ofattraction field for a given value of n. We do this whenever the features in question help understand particular values of information gain or total-correlation ratio. We refer the reader to one of the available atlases [20, 19] for a lookup of such features.
Maximum information gain (and minimum total correlation) in the deterministic case
By Equation (12), we have G σ = n if and only if H σ = 0. Achieving H σ = 0, in turn, is tantamount to the long-run situation in which σ i = 1 for some CA state i, or equivalently to either σ c,0 = 1 or σ c,1 = 1 for each cell c. The latter happens if and only if H σ c = 0 for every cell c, which by Equation (17) implies C σ = 0 and, of course, r σ = 0 as well. By Equation (1), the condition that σ i = 1 for some CA state i holds if and only if the CA being considered entails one single basin of attraction, encompassing all 2 n states, and moreover this basin's attractor is a fixed point (one single state to which the CA dynamics recurs perpetually once it is reached). In fact, this is what we see in Table 1 (for class-1 rules 0, 251, and 253) and in Table 2 (for rules 0 and 253 only, as for n = 12 rule 251 leads to the appearance of a further basin).
It is curious to note that, for deterministic scenarios in which such singlebasin, single-state-attractor condition holds, the resulting H σ , any of these deterministic scenarios implies, through H σ = 0, that G σ = n. In summary, not only do the rules singled out above imply r σ = 0, they are the only ones to do so for the two values of n being discussed.
Minimum information gain in the deterministic case
Resorting once again to Equation (12), we see that having G σ = 0 is equivalent to having H σ = n, that is, a long-run scenario of maximum possible uncertainty. Naturally, H σ = n happens if and only if σ i = 1/2 n for every CA state i, which by Equation (1) is equivalent to all CA states being periodic. This is the case precisely for class-2 rules 51 and 204 (which, not coincidentally, are complementary to each other), as seen in both Table 1 and Table 2 .
It also follows easily from Equation (18) that G σ = 0 implies C σ = 0, whence r σ = 1 (by convention, since total correlation is in this case 100% of all the information gain), which is reflected in the two tables as well. As we note below, however, depending on the rule under consideration and on the value of n, it is entirely possible to have r σ = 1 also for G σ > 0.
Minimum information gain in the probabilistic case
We observed no occurrence of G π = n, which as far as we can tell suggests that, once probabilistic deviations from the deterministic CA recipe are allowed, the CA dynamics works to prevent the uncertainty regarding the long-run CA state from being too low. Contrasting with this, the opposite extreme of G π = 0 does occur sometimes, which by now we easily associate with H π = n and a uniform distribution π (i.e., π i = 1/2 n for every CA state i). As is well known, this happens if and only if the transition-probability matrix P is doubly stochastic: not only do its rows add up to 1 [cf. Equation (8)], but so do its columns.
Because the elements of P , the p i,j 's, are given as in Equation (5), one simple shortcut toward double stochasticity is to let p = 0.5, yielding p i,j = 1/2 n for all i, j. Another, unrelated way is to let p i,j = 1/ n τ if D i,j = τ (if not, then p i,j = 0), where τ ≤ n is any number of cells [15] . These two examples lead to a symmetric P , i.e., to p i,j = p j,i for all i, j. Clearly, whenever this happens, P is seen to be doubly stochastic simply by virtue of being stochastic in the first place. We note, however, that it is possible for a stochastic matrix to be doubly stochastic without being symmetric.
In Table 1 , for n = 11, we find G π = 0 for class-2 rules 15, 51, 204, 210, and 240, and for class-3 rules 45, 105, and 150, all of which can be grouped into complementary pairs: 15 with 240, 51 with 204, 45 with 210, 105 with 150. All corresponding matrices are indeed doubly stochastic, and in particular those of rules 51 and 204 are symmetric. As for n = 12, four of these same rules are also those for which G π = 0 in Table 2 , namely rules 15, 51, 204, and 240. All four result in doubly-stochastic matrices, and again the matrices for rules 51 and 204 are symmetric.
As in the case of G σ = 0 above, we recognize that G π = 0 implies C π = 0, and therefore r π = 1 (once again by convention, and once again we note that r π = 1 also happens in situations of G π > 0, as we discuss below).
Maximum total correlation in the deterministic case
We get r σ = 1 in Equation (19) if and only if, by Equation (18), 9) , this happens if in every basin the attractor has an even number of CA states along which every cell has state 0 as often as it has state 1, but conceivably this may not be necessary (i.e., depending on the rule and on the value of n, other basin and attractor arrangements may exist that lead to the desired probabilities).
If we ignore the already noted rules 51 and 204 (which lead to r σ = 1 only degenerately, by virtue of doing so for G σ = 0), Tables 1 and 2 provide us with further rules, as follows. For n = 11, class-2 rules 11, 15, 19, and 23, as well as class-3 rule 105. For n = 12, rule 19 only. Of these, only rule 11 does not conform to the simple sufficient condition we outlined, so either a subtler arrangement is at play or we really have r σ < 1 but missed this fact because of insufficient precision in the numbers that were output. In this case we favor the latter hypothesis, since for n = 11 this rule's basin-of-attraction field has only one basin (out of 11) for which the number of periodic states is odd, which may for example disrupt the sufficient condition enough to prevent r σ from being exactly 1.
Maximum total correlation in the probabilistic case
Similarly to the deterministic case discussed above, the necessary and sufficient condition for obtaining r π = 1 is that σ c,0 = σ c,1 = 0.5 for every cell c. That is, in the long run every cell is as likely to be found in state 0 as it is to be found in state 1. Tables 1 and 2 reveal several rules for which r π = 1, even if we ignore all those that, as noted earlier, have r π = 1 only as a consequence of G π = 0. For n = 11, the further rules are class-2 rules 23, 29, 43, 57, 77, 178, 198, 212, 226 , and 232, and also the class-3 rules 45, 60, and 90 (the XOR rule). These are also the further rules for n = 12, but now joined by class-3 rules 105 and 150. These rules' basin-of-attraction fields are richly assorted and no pattern seems to emerge that might help explain why they promote maximum total correlation for the values of n and p in use.
Minimum total correlation in the probabilistic case
Unlike the case of minimum total correlation in deterministic scenarios discussed above, in which r σ = 0 implies G σ = n, here there is no reason to expect that r π = 0 (or, equivalently, C π = 0 with G π > 0) should imply G π = n. In fact, in Tables 1 and 2 we see that G π < n for all rules displaying r π = 0. Interestingly, all (and only) class-1 rules are such that r π = 0 in the tables. The basin-of-attraction fields of all class-1 rules are characterized by the concentration of nearly all CA states in a single basin (all of them, in the cases noted earlier), this one basin having a single-state attractor at its core. As we solve for the various π i 's with p ≪ 0.5, this attractor state gets most of the probability mass while that of the others is very small. As a result, in the long run the CA is found in the situation of having a relatively small entropy H π , and marginal entropies H π c whose sum over all cells is above H π by only a negligible margin. Thus, a value for C π is obtained that is indistinguishable from 0 (at least within the precision we adopted). Naturally, the small value of H π is precisely the amount by which G π falls short of equaling n.
6.7 Total correlation tends to be unexpectedly high Tables 1 and 2 do not contain explicit values of total correlation, but these can be easily estimated by resorting to the simple relation given by Equation (19),
If we ignore those (arguably degenerate) cases of zero gain (and thus zero total correlation), a fairly simple inspection reveals that only for a few rules do we have C σ < 0.6 or C π < 0.6 (for either value of p) for both n = 11 and n = 12. These are class-2 rules 4, 36, 218, 222, 233, 236, and 237, along with class-3 rules 30 and 225.
The choice of the 0.6 threshold, though somewhat arbitrary as will become clear shortly, ultimately has to do with how much uncertainty would be expected, in the long run, if every possible probability distribution over the 2 n CA states were taken into account. In other words, the question is, what is the expected value of H ρ over all possible probability distributions ρ? The answer to this question depends on what weight each of these infinitely many probability distributions is to have when computing the desired expected value. If we assume that all weights are to be the same (that is, the probability density to be used over all distributions is uniform), then it is a known fact that the expected value of H ρ can be well approximated by n − (1 − γ)/ ln 2 [3] , where γ ≈ 0.57722 is the well-known Euler constant, even for values of n as modest as the ones we have been using. By Equation (12) , the expected value of the information gain G ρ can itself be approximated by (1 − γ)/ ln 2 ≈ 0.6, which by Equation (18) can be taken as an upper bound on the expected value of total correlation C ρ . So, by pinpointing those rules for which C ρ falls below this upper bound of about 0.6 for at least one of the ρ's of interest (σ or one of the π's), we are singling out rules for which C ρ may lie above the actual expected value just as it may lie below it. Even so, the resulting number of rules is surprisingly low (only nine all told). Taking this together with the nondegenerate cases of r π = 1 discussed above, elementary CA seem to perform remarkably well in generating information gain beyond that which is generated individually by the cells.
In this respect, we find it instructive to single-out class-2 rule 7, for which total correlation is highest in either table, specifically C π = 9.7352 for n = 11 and C π = 10.6969 for n = 12, with p = 0.001 in both cases. These two figures match the entirety of the corresponding information gains as far as we can tell from the available decimal places, so r π = 1, though rule 7 is not highlighted in either table because our highlighting criterion requires maximum ratios for the two values of p. A similar case is that of class-2 rule 13 for n = 12 and p = 0.001. This rule has C π = 10.67 and ranks second in Table 2 for total correlation, also with r π = 1.
Deterministic versus probabilistic scenarios
The scenario we have been calling deterministic is the traditional CA scenario in which CA state i is followed by CA state k i at the next time step with probability 1. Despite its denomination, the deterministic scenario is subject to uncertainty (quantified, e.g., through the information gain G σ ) regarding the long-run state in which the CA is to be found, since the initial CA state is chosen randomly.
As we noted in Section 2, the deterministic scenario can be thought of as the special case of the probabilistic scenario that sets p to 0, as by Equation (5) in this case we get p i,j = 1 if j = k i . We also noted, earlier in Section 6, that setting p to 0.5 is the same as obtaining the minimum possible gain in the probabilistic scenario (i.e., G π = 0). We might then be led to believe that, regarding the evolution of information gain as p is varied, changing p through an increasing sequence from p = 0 toward p = 0.5 would reveal a succession of ever-decreasing gain values: first G σ (for p = 0); then a succession of G π values (for strictly positive values of p), each one surpassing neither its predecessor nor
This is indeed what we often find as we scan the rows of Tables 1 and 2 from left to right, but not always. The exceptions are not too numerous, but one of them is particularly striking because G π /G σ ≈ 3.254 for p = 0.001, meaning that for this rule and the two values of n under consideration, information gain more than triples as we move from the deterministic case to the probabilistic one with p = 0.001. The rule in question, in either table, is class-2 rule 236. It is reassuring, however, that nowhere do we find an increase in G π as p is increased, because this we can expect in a principled manner: increasing p lets the CA dynamics deviate from the traditional one ever more and thus produces more long-run uncertainty (less gain).
Expecting G σ > G π to always hold is unreasonable, though, because the deterministic scenario is a special case of the probabilistic one only insofar as the transition probabilities p i,j are concerned. For p > 0, every CA state is reachable from every other (and from itself) in one step during the CA dynamics, albeit in most cases with low probability. For p = 0, on the other hand, only k i can be reached from CA state i in one time step. As we noted in Section 2, this affects the method used to find σ or π profoundly [simply applying Equation (1), in the former case, and finding a Markov chain's stationary probabilities, in the latter]. More tellingly, it abruptly affects the structural possibilities for the long-run mix-up of CA states at the boundary between p = 0 and p > 0. As a consequence, comparing G σ and G π seems insufficiently principled in general.
Class-4 rules and total correlation
With the exception of class-1 rules, which hardly display any total correlation for the various reasons we have noted, all highlights in Tables 1 and 2 refer to the achievement of maximum total correlation, that is, total correlation that accounts for all the information gain. The rules in question are all class-2 or class-3 rules, which characteristically behave in such a way as to produce spatiotemporal patterns often referred to as "dull" and "chaotic," respectively. But what of the two class-4 rules, namely rule 54 and rule 193 (this one equivalent by both negation and reflection to the famous rule 110, provably capable of universal computation)? Can they not generate substantial total correlation as well?
The answer is that they can, but without coming near some of the topranking rules we have encountered. Although their total-correlation ratios are above 0.9 almost always (the exceptions being r σ for rule 193 with n = 11 and much less severely for rule 54 with n = 12), the information gains are less than impressive and thus so are the total correlations themselves. So, at least in the case of rule 193 and perhaps not surprisingly, it appears that being able to perform universal computation is much more than the ability to integrate information, perhaps even more stringently than total correlation is much more than the total information gain the cells are capable of generating locally.
A useful, somewhat quantitative insight into the issue of relatively modest information gains can be had through one of the chiefest characteristics normally attributed to class-4 rules, namely that their basin-of-attraction fields are dominated by long transients leading to not too short, or long, attractors. In the deterministic case this suggests that the distribution σ is probably neither too concentrated on very few states nor spread out to the point of resembling the uniform distribution. Such a σ, as we know, leads to mid-valued H σ and G σ . In the probabilistic case, too, such a purportedly typical layout of a class-4 field can be influential. By Equation (6) , and so long as p < 0.5, CA state i is always far more likely to be succeeded by state k i than by any other. This suggests, for distribution π, properties similar to those of σ, with similar effects on H π and thence on G π .
Conclusion
We have studied information integration in elementary CA, using the notion of total correlation and its relation to information gain as guiding principles. These entities are mathematical functions of a system's random elements, which in the case of CA requires that they be extended by some sort of nondeterminism. We have done this in two different ways, one in which a CA's basic determinism is preserved but its initial state is chosen uniformly at random, another in which every cell is prone to disobeying the deterministic rule that governs its behavior probabilistically and independently of all others. Both sources of nondetermin-ism lead to long-run probability distributions on the CA states and those can be used to compute total correlation. What is tantalizing about total correlation is that it hints at the existence of ways to reduce uncertainty that emerge out of the interaction of the underlying system's components. That is, even though such components can create information through their evolution in time, often there is additional information that is created by how the components interact with one another. In the case of elementary CA we have identified rules in Wolfram classes 2 and 3 that excel at creating such additional information. For these rules, most (if not all) of the information that is created is of the total-correlation type, turning the rules themselves into possible models of information integration.
Our results are preliminary in several regards, particularly in regard to the fact that they refer to the simplest possible CA and in regard to the fact that, by virtue of the exponential growths that typically characterize CA studies, only for small systems have we been able to obtain numerical results. Especially useful headways can be expected from provably correct approximations to the Markov-chain solution methods if some simplifying structure in the transition matrix comes to be identified, and also from making theoretical progress toward understanding how total correlation behaves for certain classes of CA rules. To the best of our knowledge, however, such goals are still elusive at this time.
We close by commenting on a very apt note, by J. Rothstein in 1952, regarding the notion of organization [13] . In this note, what the author calls an "alternative" can be identified with a random variable (a cell's state in our case). A "selection" is a value assignment to this random variable, and likewise a "complexion" is a joint value assignment to all variables (a "set of selections"). The heart of the note, as we see it, is the author's observation that, in the general case, the "entropy of the set of complexions is . . . less than the sum of the entropies of the sets of alternatives." This, in our view, came as close to foreshadowing the concept of total correlation as can be imagined. Of course, in the meantime since then it took the development of information theory and of computing technology for some of the concept's potential to be realized and some of its consequences to be understood. Sometime in the future, likewise, the purported link between total correlation and elusive entities like consciousness may come to be clarified. We believe the present work can contribute to such developments by having demonstrated, though to a limited extent, that CA can be used as simple computational models of how information can be efficiently integrated.
